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Abstract
The purpose of this work is to study the sufficient and necessary conditions and sufficient conditions on the strong convergence
of the implicit iteration process with errors for a finite family of asymptotically nonexpansive mappings in real uniformly convex
Banach spaces. The results presented in this work give an affirmative answer to the open question raised by Xu and Ori [H.K. Xu,
M.G. Ori, An implicit iterative process for nonexpansive mappings, Numer. Funct. Anal. Optim. 22 (2001) 767–773] and improve
and generalize the corresponding results of Chang et al. [S.S. Chang, K.K. Tan, H.W.J. Lee, Chi Kin Chan, On the convergence
of implicit iteration process with error for a finite family of asymptotically nonexpansive mappings, J. Math. Anal. Appl. 313
(2006) 273–283], Sun [Z.H. Sun, Strong convergence of an implicit iteration process for a finite family of asymptotically quasi-
nonexpansive mappings, J. Math. Anal. Appl. 286 (2003) 351–358], Zhou and Chang [Y.Y. Zhou, S.S. Chang, Convergence of
implicit iterative process for a finite family of asymptotically nonexpansive mappings in Banach spaces, Numer. Funct. Anal.
Optim. 23 (2002) 911–921].
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1. Introduction and preliminaries
In [4], Goebel and Kirk proved that, if K is a nonempty closed convex bounded subset of a real uniformly convex
Banach space X and T is an asymptotically nonexpansive self-mapping of K , then T has a fixed point in K .
Since then, some authors proved the weak and strong convergence theorems for the implicit (explicit)
iterative processes (with errors) for nonexpansive semigroups, nonexpansive mappings, asymptotically nonexpansive
mappings, a finite family of asymptotically quasi-nonexpansive mappings and a finite family of asymptotically
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nonexpansive mappings and nonexpansive mappings in Banach spaces (see [1–3,5–10]), which generalize, extend
and improve the result of Goebel and Kirk in several ways.
Recently, Chang et al. [3] proved some weak and strong convergence theorems for the implicit iterative process
with errors, to a common fixed point for a finite family of asymptotically nonexpansive mappings and nonexpansive
mappings in real uniformly convex Banach spaces.
In this work, we give the sufficient and necessary conditions and sufficient conditions for the implicit iterative
processes to converge strongly to a common fixed point of a finite family of asymptotically nonexpansive mappings in
real uniformly convex Banach spaces, which give an affirmative answer to the open question raised by Xu and Ori [8]
and improve and generalize the corresponding results of Chang et al. [3], Sun [7], Zhou and Chang [9].
Throughout this work, we assume that E is a real Banach space and D is a nonempty subset of E , T : D → D is
a mapping and denote the set of fixed points of T by F(T ).
Definition 1 ([4]). Let D be a nonempty subset of E and T : D → D be a mapping. T is said to be asymptotically
nonexpansive if there exists a sequence {hn} ⊂ [1,∞) with limn→∞ hn = 1 such that
‖T nx − T n y‖ ≤ hn‖x − y‖, ∀x, y ∈ D, n ≥ 1.
Proposition 1 ([4]). Let D be a nonempty closed subset of E and T : D → D be a asymptotically nonexpansive
mapping with F(T ) 6= ∅. Then F(T ) is a closed subset of D.
Proposition 2 ([3]). Let K be a nonempty subset of E, {Ti }Ni=1 : K → K be N asymptotically nonexpansive
mappings. Then there exists a sequence {hn} ⊂ [1,∞) with hn → 1 such that
‖T ni x − T ni y‖ ≤ hn‖x − y‖, ∀n ≥ 1, x, y ∈ K , i = 1, 2, . . . , N . (1.1)
Definition 2 ([3]). Let K be a nonempty closed convex subset of E satisfying K + K ⊂ K , x0 ∈ K be any given
point and {T1, T2, . . . , TN } : K → K be N asymptotically nonexpansive mappings. Let {αn} be a sequence in [0, 1]
and {un} be a bounded sequence in K . Then define a sequence {xn} ⊂ K by
x1 = α1x0 + (1− α1)T1x1 + u1,
x2 = α2x1 + (1− α2)T2x2 + u2,
. . . ,
xN = αN xN−1 + (1− αN )TN xN + uN ,
xN+1 = αN+1xN + (1− αN+1)T 21 xN+1 + uN+1,
. . . ,
x2N = α2N x2N−1 + (1− α2N )T 2N x2N + u2N ,
x2N+1 = α2N+1x2N + (1− α2N+1)T 31 x2N+1 + u2N+1,
. . . ,
(1.2)
which is called the implicit iterative sequence with errors for a finite family of asymptotically nonexpansive mappings
{T1, T2, . . . , TN }.
For each n ≥ 1, it can be written as n = (k − 1)N + i , where i = i(n) ∈ {1, 2, . . . , N }, k = k(n) ≥ 1 is a positive
integer and k(n)→∞, as n →∞. Hence we can write (1.2) in the following compact form:
xn = αnxn−1 + (1− αn)T k(n)i(n) xn + un, ∀n ≥ 1. (1.3)
In particular, if {T1, T2, . . . , TN } : K → K are N asymptotically nonexpansive mappings, {αn} is a sequence in
[0, 1] and x0 is a given point in K . Then the sequence {xn} ⊂ K defined by
xn = αnxn−1 + (1− αn)T k(n)i(n) xn, ∀n ≥ 1, (1.4)
is called the implicit iterative sequence for a finite family of asymptotically nonexpansive mappings {T1, T2, . . . , TN }.
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2. The main results
For any z ∈ D and a set A in E , we denote the distance between z and A by d(z, A) = infy∈A ‖z − y‖.
Theorem 1. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E with
K + K ⊂ K, {T1, T2, . . . , TN } : K → K be N asymptotically nonexpansive mappings with F = ⋂Ni=1 F(Ti ) 6= ∅
(defined to be the set of common fixed points of {T1, T2, . . . , TN }). Let {un} be a bounded sequence in K , {αn} be a
sequence in [0, 1] and {hn} be the sequence defined by (1.1) satisfying the following conditions:
(i)
∑∞
n=1 ‖un‖ <∞;
(ii)
∑∞
n=1(hn − 1) <∞;
(iii) there exist constants τ1, τ2 ∈ (0, 1) such that
τ1 ≤ (1− αn) ≤ τ2, ∀n ≥ 1.
Then the implicit iterative sequence {xn} defined by (1.3) converges strongly to a common fixed point of
{T1, T2, . . . , TN } in K if and only if lim infn→∞ d(xn, F) = 0.
Theorem 2. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E,
{T1, T2, . . . , TN } : K → K be N asymptotically nonexpansive mappings with F = ⋂Ni=1 F(Ti ) 6= ∅. Let {αn} be a
sequence in [0, 1] and {hn} be the sequence defined by (1.1) satisfying the following conditions:
(i)
∑∞
n=1(hn − 1) <∞;
(ii) there exist constants τ1, τ2 ∈ (0, 1) such that
τ1 ≤ (1− αn) ≤ τ2, ∀n ≥ 1.
Then the implicit iterative sequence {xn} defined by (1.4) converges strongly to a common fixed point of
{T1, T2, . . . , TN } in K if and only if lim infn→∞ d(xn, F) = 0.
As an application of Theorem 1, we have the following result:
Theorem 3. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E with
K + K ⊂ K, {T1, T2, . . . , TN } : K → K be N asymptotically nonexpansive mappings with F = ⋂Ni=1 F(Ti ) 6= ∅.
Assume that there exist an Tl , 1 ≤ l ≤ N, and s > 0 such that
‖(I − Tl)x‖ ≥ sd(x, F), ∀x ∈ K .
Let {un} be a bounded sequence in K , {αn} be a sequence in [0, 1] and {hn} be the sequence defined by (1.1) and
L = supn≥1 hn ≥ 1 satisfying the following conditions:
(i)
∑∞
n=1 ‖un‖ <∞;
(ii)
∑∞
n=1(hn − 1) <∞;
(iii) there exist constants τ1, τ2 ∈ (0, 1) such that
τ1 ≤ (1− αn) ≤ τ2, ∀n ≥ 1.
Then the implicit iterative sequence {xn} defined by (1.3) converges strongly to a common fixed point of
{T1, T2, . . . , TN } in K .
Theorem 4. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E,
{T1, T2, . . . , TN } : K → K be N asymptotically nonexpansive mappings with F = ⋂Ni=1 F(Ti ) 6= ∅. Assume that
there exist an Tl , 1 ≤ l ≤ N, and s > 0 such that
‖(I − Tl)x‖ ≥ sd(x, F), ∀x ∈ K .
Let {αn} be a sequence in [0, 1] and {hn} be the sequence defined by (1.1) and L = supn≥1 hn ≥ 1 satisfying the
following conditions:
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(i)
∑∞
n=1(hn − 1) <∞;
(ii) there exist constants τ1, τ2 ∈ (0, 1) such that
τ1 ≤ (1− αn) ≤ τ2, ∀n ≥ 1.
Then the implicit iterative sequence {xn} defined by (1.4) converges strongly to a common fixed point of
{T1, T2, . . . , TN } in K .
In order to prove the main results of this work, we need the following lemmas:
Lemma 1 ([7]). Let {an}, {bn}, {cn} be three nonnegative sequences satisfying the following condition:
an+1 ≤ (1+ bn)an + cn, ∀n ≥ n0,
where n0 is some nonnegative integer,
∑∞
n=0 bn <∞ and
∑∞
n=0 cn <∞. Then limn→∞ an exists.
Lemma 2. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E with
K + K ⊂ K, {T1, T2, . . . , TN } : K → K be N asymptotically nonexpansive mappings with F = ⋂Ni=1 F(Ti ) 6= ∅.
Let {un} be a bounded sequence in K , {αn} be a sequence in [0, 1] and {hn} be the sequence defined by (1.1) satisfying
the following conditions:
(i)
∑∞
n=1 ‖un‖ <∞;
(ii)
∑∞
n=1(hn − 1) <∞;
(iii) there exist constants τ1, τ2 ∈ (0, 1) such that
τ1 ≤ (1− αn) ≤ τ2, ∀n ≥ 1.
Then the limit limn→∞ d(xn, F) exists, where {xn} is the sequence defined by (1.3).
Proof. Since F =⋂Ni=1 F(Ti ) 6= ∅, for any given p ∈ F , it follows from (1.3) and Proposition 2 that
‖xn − p‖ = ‖αnxn−1 + (1− αn)T k(n)i(n) xn + un − p‖
≤ αn‖xn−1 − p‖ + (1− αn)‖T k(n)i(n) xn − p‖ + ‖un‖
≤ αn‖xn−1 − p‖ + (1− αn)hk(n)‖xn − p‖ + ‖un‖.
Letting µn = hk(n) − 1 for all n ≥ 1, by the condition (ii), we have∑∞n=1 µn <∞. Therefore, it follows that
‖xn − p‖ ≤ αn‖xn−1 − p‖ + (1− αn)(1+ µn)‖xn − p‖ + ‖un‖
≤ αn‖xn−1 − p‖ + (1− αn + µn)‖xn − p‖ + ‖un‖
and so
‖xn − p‖ ≤ ‖xn−1 − p‖ + µn
αn
‖xn − p‖ + ‖un‖
αn
. (1.5)
By the condition (iii), since 1− τ2 ≤ αn , from (1.5), we have
‖xn − p‖ ≤ ‖xn−1 − p‖ + µn1− τ2 ‖xn − p‖ +
‖un‖
1− τ2 . (1.6)
From
∑∞
n=1 µn < ∞, we know that µn → 0 and so there exists a positive integer n0 such that µn < 1−τ22 for all
n ≥ n0. It follows from (1.6) that
‖xn − p‖ ≤ 1− τ21− τ2 − µn ‖xn−1 − p‖ +
‖un‖
1− τ2 − µn
=
(
1+ µn
1− τ2 − µn
)
‖xn−1 − p‖ + ‖un‖1− τ2 − µn
≤
(
1+ 2µn
1− τ2
)
‖xn−1 − p‖ + 2‖un‖1− τ2 , ∀n ≥ n0.
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Therefore, for all p ∈ F , we have
d(xn, F) ≤
(
1+ 2µn
1− τ2
)
d(xn−1, F)+ 2‖un‖1− τ2 , ∀n ≥ n0.
Taking an+1 = d(xn, F), bn = 2µn1−τ2 , cn =
2‖un‖
1−τ2 and using the condition (i) and
∑∞
n=1 µn < ∞, it is easy to see that∑∞
n=1 bn <∞ and
∑∞
n=1 cn <∞. Therefore, it follows from Lemma 1 that limn→∞ d(xn, F) exists. This completes
the proof. 
Lemma 3 ([3]). Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E with
K + K ⊂ K, {T1, T2, . . . , TN } : K → K be N asymptotically nonexpansive mappings with F = ⋂Ni=1 F(Ti ) 6= ∅.
Let {un} be a bounded sequence in K , {αn} be a sequence in [0, 1] and {hn} be the sequence defined by (1.1) and
L = supn≥1 hn ≥ 1 satisfying the following conditions:
(i)
∑∞
n=1 ‖un‖ <∞;
(ii)
∑∞
n=1(hn − 1) <∞;
(iii) there exist constants τ1, τ2 ∈ (0, 1) such that
τ1 ≤ (1− αn) ≤ τ2, ∀n ≥ 1.
Then we have
lim
n→∞ ‖xn − Tlxn‖ = 0, ∀l = 1, 2, . . . , N ,
where {xn} is the sequence defined by (1.3).
Proof. See (2.18) in [3].
3. The proofs of theorems
Proof of Theorem 1. The necessity is obvious. So, we will prove the sufficiency. Assume that
lim inf
n→∞ d(xn, F) = 0.
By Lemma 2, we know that limn→∞ d(xn, F) exists and so limn→∞ d(xn, F) = 0.
Now, we show that {xn} is a Cauchy sequence in K . In fact, from the proof of Lemma 2, we have
‖xn − p‖ ≤ (1+ bn)‖xn−1 − p‖ + cn, ∀n ≥ n0, (1.7)
where bn = 2µn1−τ2 , cn =
2‖un‖
1−τ2 . For any positive integers m, n,m > n ≥ n0, from 1 + t ≤ et for all t > 0 and (1.7),
we have
‖xm − p‖ ≤ (1+ bm)‖xm−1 − p‖ + cm
≤ ebm‖xm−1 − p‖ + cm
≤ ebm (ebm−1‖xm−2 − p‖ + cm−1)+ cm
≤ · · · ,
≤ e
m∑
i=n+1
bi ‖xn − p‖ +
m−1∑
k=n+1
cke
m∑
i=k+1
bi + cm
≤ L‖xn − p‖ + L
∞∑
k=n+1
ck + cm,
where L = e
∑∞
n=1 bn . Thus for any p ∈ F , we have
‖xn − xm‖ ≤ ‖xn − p‖ + ‖xm − p‖
≤ (1+ L)‖xn − p‖ + L
∞∑
k=n+1
ck + cm .
W. Guo, Y.J. Cho / Applied Mathematics Letters 21 (2008) 1046–1052 1051
Taking the infimum over all p ∈ F , we obtain that
‖xn − xm‖ ≤ (1+ L)d(xn, F)+ L
∞∑
k=n+1
ck + cm .
It follows from
∑∞
n=1 cn < ∞ and limn→∞ d(xn, F) = 0 that {xn} is a Cauchy sequence. K is a closed subset of E
and so {xn} converges strongly to p0 ∈ K . Further, from Proposition 1, F(Ti ) (i = 1, 2, · · · N ) is a closed set and so
F is a closed subset of K and limn→∞ d(xn, F) = 0. Therefore, p0 ∈ F . This shows that {xn} converges strongly to
a common fixed point of {T1, T2, . . . , TN } in K . This completes the proof. 
Proof of Theorem 2. Taking un = 0 for all n ≥ 1 in Theorem 1, then the conclusion of Theorem 2 can be obtained
from Theorem 1 immediately. 
Proof of Theorem 3. From Lemma 3, we have
‖(I − Tl)xn‖ → 0 (n →∞).
Then it follows from the condition of Theorem 3 that
lim
n→∞ sd(xn, F) = 0
for some s > 0. Therefore, we can conclude that {xn} converges strongly to a common fixed point of {T1, T2, . . . , TN }
in K by Theorem 1. This completes the proof. 
Proof of Theorem 4. Taking un = 0 for all n ≥ 1 in Theorem 3, then the conclusion of Theorem 4 can be obtained
from Theorem 3 immediately. 
Remark. (1) Theorems 2 and 4 in this work give an affirmative answer to the following open question raised by
Xu and Ori [8]: “It is unclear what assumptions on the mappings {T1, T2, . . . , TN } and (or) the parameter {αn} are
sufficient to guarantee the strong convergence of the sequence {xn} defined by (1.4)”.
(2) Theorems 3 and 4 of Chang et al. [3] are corollaries of Theorems 1 and 2 in this work, respectively.
In fact, from (2.5) in [3], we know that {xn} defined by (1.3) is a bounded sequence in K . It follows from Lemma 3
and the condition of Theorem 3 in [3], T1 is semi-compact, that there exists a subsequence {xni } ⊂ {xn} such that
xni → x∗ ∈ K . Thus we have
‖x∗ − Tlx∗‖ = lim
i→∞ ‖xni − Tlxni ‖ = 0, ∀l = 1, 2, . . . , N .
This implies that x∗ ∈ F =⋂Ni=1 F(Ti ) and so
lim inf
n→∞ d(xn, F) ≤ lim infi→∞ d(xni , F) ≤ limi→∞ ‖xni − x∗‖ = 0
and then the conclusion of Theorem 3 in [3] can be obtained from Theorem 1 immediately.
By the same method, the conclusion of Theorem 4 in [3] can be obtained from Theorem 2 immediately.
(3) Theorems 1 and 3 in this work improve and generalize Theorem 3.3 of Sun [7] to the case of an implicit iteration
process with errors for a finite family of asymptotically nonexpansive mappings and the boundedness condition of the
set K in this theorem is deleted.
(4) Theorems 1 and 3 in this work also improve and generalize the corresponding results of Zhou and Chang [9].
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